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� 
 � � � � � � � � � � 
� � � � �

{

x2 + y2 = 1

(x − 1)2 + y2 = 1
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� � � � � � � �� �� � � � � � � � � � � � �
R = ZZ/30097[x,y];
I = ideal( {x^2+y^2-4 , (x-1)^2+y^2-4 });
dim I , degree I

• � � � �

0,2
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� � � � � � � � � � � �� �

gbTrace 3
I = ideal( {x^2+y^2-4 , (x-1)^2+y^2-4 });
dim I , degree I� 
 � � �

mmmr

o12 = (0, 2)

� � � � � � � � � � � � �� �� � 
 � � � � 
 
 � � 
 � �� � � � � � 
 � � � � �

� � � � � 
 � � � � �

� � � � � 
 � � � � �
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� � � � � � � � � � � �� �

gbTrace 3
I = ideal( {x^2+y^2-4 , (x-1)^2+y^2-4 });
dim I , degree I� 
 � � � � � � � � � � � � � 
 � � � � �

--- computing pair (. . x2) ----
.0 gb 0 = x2<0>+y2<0>-4<0>
--- computing pair (. . x2) ----

gb 1 = x<0>+15048<0>
--- computing pair (1 0 x 1 x2) ----

gb 2 = y2<0>-7528<0>
--- computing pair (2 1 x y2 xy2 marked) ----

Number of pairs = 4
Number of gb elements = 2
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� � � � � � � � � � � � � � �� �

� � � � � � � � �� � x2 + y2 − 1 � � �

(x − 1)2 + y2 − 1�

	 � � 
 � � � � � � 
 � 
 �� � 
� �

[

1 1 0 −1

1 1 −2 0

]








x2

y2

x

1








=⇒

[

1 1 0 −1

0 0 1 −0.5

]








x2

y2

x

1








=⇒

{

x2 + y2 −1

x−0.5

� � � � �

x(x − 0.5) = x2 − 0.5x
� � � � � � � � 
 �

� � � 
 � � � � � � 
 � 
 �� � 
� �





1 1 0 −1

0 0 1 −0.5

1 0 −0.5 0













x2

y2

x

1








=⇒






1 0 0 0.25

0 1 0 −0.75

0 0 1 −0.5













x2

y2

x

1








=⇒







x2 +0.25

y2 −0.75

x −0.5
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 � � � � 
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•

� � � � � �� � 
� � �� �� � 
� � �

ijuij = PiUj�

•

� � � � � �� � 
 � � � � � � � �� � 
� � �� �� � 
� � x>Fx′ = 0�

•

� � � � � 
 
 � 
� � � � � P � � F�
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•

�� � � � �� � �	� 
 � � � � �
 
� �� 
� � � � 
 � � � � � �� �







E = E0 + xE1 + yE2 + zE3

2EE>E − trace(EEt)E = 0

det(E) = 0

•

�� �� � 
 � � � �� � � � � �� � � � � � � � 
� � 
 � � ��

� ��� � � �� �



� � � � � � � �� �� � � � � � � � � � � � �

� � � � � � 
 �� � 
 � � � � � � �� �� �� � � � �� � � � � �� � � � � � � � � 
 � � � �� � � � ��

R=ZZ/30097[x_0..x_2];
t={1_R,x_0,x_1,x_2};
E=fold((a,b)->a+b,apply(4,i->t_i*random(R^3,R^3)));
EEt = E*transpose(E);
I = ideal( 2*EEt*E-trace(EEt)*E )+ ideal det E;
gbTrace 3
dim I , degree I
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� � � � � � � �� �� � � � � � � � � � � �

•

� � � � � � � � � � 
 � � � � � � � � �� � 
 � � � � � �

R = ZZ/30097[x_0..x_2];

•

� � 
 ��� � � � � 
 � �

t = {1_R,x_0,x_1,x_2};

•

� � �

E = E3 +
∑2

i=0 tiE3

� � � � � Ei
� � � �� ��

E=fold((a,b)->a+b,apply(4,i->t_i*random(R^3,R^3)));

• � 
 � � �� � � � � � �� �� � 
� � �� � � � � � � � 
 � � � �

EEt = E*transpose(E);
I = ideal( 2*EEt*E-trace(EEt)*E )+ ideal det E;

•

� � � � � � � �� � � � � � 
 � �� � �� � 
� � � �� � � � � 
� � � � � � � 
� �

gbTrace 3

•

� � � � � � � � � � � 
 � � � � 
� � � � � � � � � � � � � � � � 
 � � � �

dim I , degree I !#" � $ %&'



� � � � � �

i7 : dim I , degree I
mmmmmmmmmmooooooooooooooo

o7 = (0, 10)

� � � � � � � � � � � � � � � 
� � � � � � 
 � � � � 
� � �
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� � � � � � � �

� � �

gbTrace 100� � � � � � 
� � � � � � � 
� � � � � � � � � � �

--- computing pair (. . x_0^3) ----

.0 gb 0 = x_0^3

.

.

--- computing pair (. . x_0^3) ----

gb 9 = x_2^3

--- computing pair (9 8 x_1 x_2 x_1x_2^3) ----

.

.

.21--- computing pair (1 0 x_0 x_1 x_0^3x_1) ----

Number of gb elements = 10

Number of pairs computed = 25

� � � � � �� � �� � � � � � � � �� �� � 
 � � � � � � � � � � � � � � � � ��
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� � � � � � � � � � � � � � �� �

� � � � � � � � � � �� �� � 
� � � 
 � � � � � � � � � � � 
 � � 
� � � 
 
 � � � �

� � � � � � � 
 � � � � �� � � � � ��

MONS = [3 2 2 1 1 1 0 0 0 0 2 1 1 0 0 0 1 0 0 0;
0 1 0 2 1 0 3 2 1 0 0 1 0 2 1 0 0 1 0 0;
0 0 1 0 1 2 0 1 2 3 0 0 1 0 1 2 0 0 1 0];

	 � � � � �� � � � � � � � 
 � � � � 
 � 
 �� � 
� �
[

I M
]

� � � �� � �� � � � � � � � � � � � � � 
 �

�� � � � � 
� � � � � � � � � � � � � � � �� � � � � �� � � � 
 � � � � � 
 � 
� �

�� � � 
 � �

http://www.vis.uky.edu/~stewe/FIVEPOINT/
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� � � � � �
� � �

rm tt

cat class25_new.m2 | M2 > tt

cat tt|perl -p -e ’s/gb/##gb/;s/comput/##comput/;s/\<0\>.*//’

|egrep "##" | perl -p -e ’s/##//’ | egrep -v marked

� � � � � 
 � ��� � � � � � 
 � � � � � � � � � � � � � � � � � � �� � � � � � �� � � �
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•

� � � �� � � � � � � � � � � � � � � � � 
� � �

•

� � � �� 
 � � � � � � � 
 � �� � � � � � � � 
 � � �

•

� � 
 � 
 � � � 
 � � � � � 
 � � � �� 
 � � �
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� � � � � � � �
� � � � � � � � � � � � � � �� �

•

� � � � � �� �� �� �� � 
� � � � � � � � � 
 � � �

•

� � � � � � � � � � � � � � � �� � � � � � � � 
 � � �

•

� � � � � � � � � � � � � � � �� � 
 � � � � � � � �� � � � � � � � 
 � � �

� � 
 
 � �

•

� � � � � � ��� � � � � � � � � � � � � � 
 � � �� � � 
�� 
 � � � � � 
 � � ��

•

� � � � � � � � � 
 �� � � � � � � � �� � � �� � 
 � � � � �	�

• � � �
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� � � � �
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� � � � � �

f

•

� � � � � � 
 � �� � 
 � � � �� � � � � � � � � �� �� � 
 �� �� � � � � � 	 � � � �

•

� � 
 � � � � � � � � 
 � 
� � � � � � 
 � � � � � � � � � � � � 
� � � � �� 
 � �

� � 
 � � 
 � � � �� 
 � � � �� � � � � 
 � � � �� � �� � ��
•

� � � � � � � 
� � �
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� � � � �
�

� � � � � �

f

F = F0 + l1F1 + l2F2

KK = ZZ / 30097;
R = KK[l_1,l_2,p];
F0 = random(R^3,R^3);
F1 = random(R^3,R^3);
F2 = random(R^3,R^3);
F = F0 + l_1*F1 + l_2*F2;
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� � � � �
�

� � � � � �

f

E = K>FK

P = matrix {{1,0,0},{0,1,0},{0,0,p}};
tr = X -> det( X_{0}^{0} +X_{1}^{1}+X_{2}^{2});
EQ1=2*F*P*transpose(F)*P*F-tr(P*F*P*transpose(F))*F;
EQ2=det( F);
I = ideal EQ1 + ideal EQ2;
gbTrace 3;
dim I , degree I
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•

�� � 
 � � � � �� 
 � � � � � � � � � � � �� �� � 
� � � �

mmmmmmmmmmmmmmmmmmmmmmmmooooooooo
oooooooorooooroorrrrrororoor
15 solutions

•

�� � 
 � � � � �� 
 � � � � � � � � � 	 �� �� � 
� � � �
mmmmmmmmmmmmmmmmommmmmmooooooooo
oooorooooroorrrrr
27 solutions

 !#" 	 $ %&'



� � � � � � �
� � � � � � � � �

•

� � � � � � � 
� � � � � � � �� � �� � � � �� � � � � �� � � � � � � 
� � �
mmmmmmmmmmooomoomommooooooooommmmmmmm
mmmmmmommoommmooooooooooooooooooomooo
ooooooooooororrrororoo

�� � � � � � 
� � �

•

� � � � � � � 
� � � � � � � �� � � � � � �� � � � � �� � � � ��� � 
� � �

mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm
mmmmmmmmmmmommmommmmommmmmmmoommmmmmm
mmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmm

...... (total 168 lines)
rrrrrorrrrrrrorrrrrrrrrrrrorrrrrrrrrr
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� �� � � � �� � � � ��� � 
� � � � � � � � � � � � � 
 � �� � � � � �

� � � 
 � � � �� � � 
�� � � � � 
� � 
 � M2�

	 � � � 
 � � � � � �� �� � 
� � � 
 � � � � � � � � � � � �

� � �� � � � � � �� � � 
�� � � � � 
� � � � Matlab � � C
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 � � � � � � � 
� � �
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 � � � � � � � � � � � � 
 � � � � 
 � 
 �� � 
� �
•
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 � � � � � � � � � � � � � � � 
 � �
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� �� � � � � � �� � 
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� � � � � � 
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 �� � � �
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 � � � � � � �� � � � �
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 � � � � � 
 � � � � � � � � � � � � 
 � � 
 
 � � 
� �� � � 
 � � 
 � �


� � �� � � � 
� �� � �� � � � � �

� � 
 � � � �� � � �� � � 
� � � � � � � � � � � � � � � � � � � � � � � 
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 �	� �� � �� � � 
� � � � �� �� � � � � � 
� � � � � � �� � � � � 
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 � � � � � � ��
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 � � �� � ��
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� � � � � � � � � � � � � � � � � � � � � �� � � � �
function MONS = build_MONS_3var(n)
MONS =[];
for i1=0:n

for i2=0:n
if i1+i2 <= n

MONS = [MONS [i1;i2]];
end

end
end
[dummy,I]=sortrows( [sum(MONS); -MONS(end:-1:1,:) ]’ ) ;
MONS = MONS(:,I(end:-1:1));
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� � � � �
� � � � �� � � � � � � � � ��

function M = build_mult_matrix( MONS_from,MONS_to,mult)
% MONS_* matrices where the columns represent monomials
% mult is a column matrix representing a monomial
%
mult = mult(:)’;
M =[];
for i=1:size(MONS_from,2)

p = MONS_from(:,i)’;
M=[M ismember( MONS_to’, p+mult , ’rows’ ) ];

end
M = M’;
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�� � � � � � � � � 
 � � � � � � 
 � 
� � �� � � 
�� 
 � � � � � �� � � � �� � �� � 
 � �


� � �� � � �	�

M = -A([1 2 3 5 6 8], :);
M(7,1) = 1;
M(8,2) = 1;
M(9,4) = 1;
M(10,7) = 1;

•

� � � 
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 � 
� � � � � �� � � �� � � � � � 
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� � � � � � � � �� � � � �
� � � � � �

[V,D] = eig(M );
SOLS = V(7:9,:)./(ones(3,1)*V(10,:));

� � � � � � � � � 
 �� � � � � � 
 � � � �

Evec = EE*[SOLS ; ones(1,10 ) ];
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